We present nontrivial examples of d = 3 gauge theories with sixteen and eight supercharges which are infrared dual at special points in the moduli space. This duality is distinct from mirror symmetry. To demonstrate duality we construct the gauge theories of interest using D2-branes and orientifolds and then consider their lift to M-theory. We also discuss the strong coupling limit of orientifold two-planes and orbifolds of orientifold six-planes.
Introduction
The term "duality" in field theory has several meanings. Electric-magnetic duality is a variable transformation in free abelian gauge theories exchanging the field strength F and its dual * F . Strong-weak coupling duality applies to theories which have exactly marginal parameters ("couplings"). It is an equivalence between a strongly coupled theory and another theory which is weakly coupled. For example, an N = 4 d = 4 gauge theory with gauge group G and complexified gauge coupling τ is equivalent to an N = 4 theory with gauge groupĜ (the Langlands dual of G) and coupling −1/τ . Yet another type of duality is infrared (IR) duality. Two theories are called IR dual if they flow to the same infrared fixed point. Nontrivial examples in d = 4 are some N = 1 Seiberg dual pairs [1] .
Mirror theories in d = 3 [2] provide another example of IR duality.
In this letter we present new examples of IR dual theories in d = 3 with sixteen and eight supercharges. This duality is distinct from mirror symmetry: in all our examples the Coulomb branch moduli of the dual theories are identified, while mirror symmetry exchanges Coulomb and Higgs branches. In the less interesting cases IR duality is visible already at the classical level. For example, at a generic point in the moduli space an N = 8 theory with gauge group G flows to a free N = 8 theory with gauge group U (1) r where r = rankG. Thus any two N = 8 theories with gauge groups of equal rank are IR dual at a generic point in the moduli space. The dual pairs discussed in this letter are nontrivial in the sense that their IR equivalence cannot be seen classically.
In Section 2 we show that at a special point in the moduli space an N = 8 theory with gauge group G = Sp(2N ) is dual to an N = 8 theory with G = O(2N ), while at another special point it is dual to an N = 8 theory with G = O(2N + 1). The latter duality has been previously derived in [3] . These dualities hold in the vicinity of orbifold singularities of the moduli space, where classically the full gauge symmetry is restored. Consequently, IR equivalence at these points is a quantum-mechanical phenomenon.
In Section 3 we present an example of IR duality for N = 4 theories in d = 3. We show that at a special point in the moduli space a U (2N ) theory with two fundamentals and two antisymmetric tensors is dual to an Sp(2N ) × Sp(2N ) theory with a hypermultiplet in the (2N, 2N), a hypermultiplet in the (2N, 1), and a hypermultiplet in the (1, 2N). This duality is not visible classically.
To show infrared equivalence we construct the theories of interest using D2-branes and orientifolds and then consider the limit of strong IIA coupling. The main idea is that in d = 3 theories the RG flow is influenced by the VEV of the dual photon. This means that a IIA singularity probed by D2-branes can be resolved into several singularities along the M-theory circle. Theories which look very different in the UV can differ in the IR only by the number and type of singular points. Since the critical IR behavior is determined by the local M-theory geometry, different UV theories may flow to the same IR theory at special points on the moduli space. Similar methods have been used to demonstrate mirror symmetry [4] .
In the case of N = 8 theories one needs to understand the strong coupling limit of various O2 planes. The lift of O2 planes to M-theory is studied in Section 2; our discussion there overlaps with that in [3] . In the case of N = 4 theories the relevant M-theory background is an orbifold IR 4 /Z Z 2 × IR 4 /Z Z 2 which we study in subsection 3.2.
2. N = 8 supersymmetric gauge theories in three dimensions
IIA brane configurations and the classification of orientifold two-planes
Consider N D2-branes parallel to an orientifold 2-plane. The low-energy theory on the D2 worldvolume is an N = 8 d = 3 gauge theory. The gauge group G depends on the choice of the orientifold projection. If the RR charge of the O2 plane is positive the gauge group is Sp(2N ); if it is negative then G = O(2N ). We will call the former an O2 + plane, and the latter an O2 − plane. Their RR charges are 1/8 and −1/8, respectively, in the units where the charge of a D2-brane is 1. In the case of an O2 − plane one can also consider adding half of a D2-brane stuck at the fixed point. Following [3] we denote this orientifold plane by O2 + ; its RR charge is 3/8. The low-energy theory on D2-branes near an O2 + plane has gauge group G = O(2N + 1).
The above classification of O2 planes was based on the RR charge. We can also consider a topological classification similar to that in [5] . One asks whether there are inequivalent ways to quantize a p-brane propagating away from the orientifold plane. Requiring that the p-brane be away from the fixed plane is equivalent to replacing the man- 
By universal coefficient formulas
also think of the phase ambiguity as the freedom to choose a cohomology class of the RR 4-form field strength G (4) . Since the cohomology is pure torsion, it again can be represented by a C (3) with vanishing field strength. We believe that that O2 − and O2
, Z Z) torsion, but we will not try to prove it here.
Infrared limit and the lift to M-theory
In the extreme infrared the gauge theories in question are described by N M2-branes probing a d = 11 supergravity background. The moduli space of N D2-branes parallel to an orientifold two-plane is the moduli space of an appropriate N = 8 gauge theory. Standard arguments [7] show that this moduli space is an orbifold Sym((IR
Let us denote the coordinates on IR 7 by x 1 , . . . , x 7 and the coordinate on S 1 by σ, with the convention that σ has period 2π.
There are two points which are left invariant by the orbifold action, x 1 = · · · = x 7 = σ = 0, and
We denote them by p + and p − . We will denote by m + (resp. m − ) the point in the gauge theory moduli space which corresponds to all M2-branes sitting at p + (resp. p − ). Other singular points in the moduli space are obtained if we put k > 0 of the membranes at p + and the rest at p − . It is clear that for k > 0 the resulting SCFT decomposes into a product of two independent SCFT's, one at p + and another at p − . Both of these SCFT's can be also obtained by starting from a gauge group of lower rank and putting all membranes at the same point. Thus without loss of generality we may concentrate on the situation when all membranes are at the same point.
The neighborhood of either p + or p − looks like IR 8 /Z Z 2 . There are in fact two different IR 8 /Z Z 2 orbifolds of M-theory differing by their membrane charge and the cohomology class of the 4-form field strength G. To see this, one can study the possibility of introducing phases in the path integral for membranes. As before, we delete the singular point of IR 8 /Z Z 2 which makes it homotopic to IRP 7 . The phases are classified
, which by universal coefficient formulas is related to torsion, while O2 + has nontrivial torsion. To this end one has to compute the flux of the NS 2-form B through a homology 2-cycle given by x 3 = x 4 = x 5 = x 6 = 0. This is the same as computing the flux of the M-theory 3-form C through the M-theory 3-cycle given by the same formulas. This 3-cycle is homologous to the sum of two small 3-cycles at the points p + and p − . The fluxes through these 3-cycles for points of type A and B are 0 and π, respectively. Recalling the M-theory lifts of the O2 planes, we get the desired result.
Duality of N = 8 gauge theories
Let us put together the results of the previous two subsections and obtain dualities between N = 8 theories with gauge groups O(2N ), O(2N + 1), and Sp(2N ). These field theories have special points m + , m − on their moduli space where the metric has orbifold singularities. At these special points the theories flow to an SCFT described by N membranes near an IR 8 /Z Z 2 orbifold. The M-theory orbifold can be of type A or B, and so we can get two distinct SCFT's which will call A and B-models. We showed above that 
N = 4 supersymmetric gauge theories in three dimensions
In this section we will explore IR dualities for d = 3, N = 4 models. Even though one expects a myriad of N = 4 dual pairs, we will restrict ourselves to the simplest singularities in IIA and M-theory. We will be interested in the following two theories:
(1) U (2N ) with two hypermultiplet in the antisymmetric tensor representation and two hypermultiplets in the fundamental. For reasons explained below, we shall refer to this theory as the (A, B)-model.
(2) Sp(2N ) × Sp(2N ) with a hypermultiplet in the (2N, 2N) , a hypermultiplet in the (2N, 1) and a hypermultiplet in the (1, 2N) . We shall refer to this theory as the (B, B)-model.
IIA brane configurations
The IIA backgrounds which the D2-branes probe are given by free worldsheet CFT's.
The common ingredients in the CFT's are:
(1) An orientifold 6-plane which is a point in x 7,8,9 . The corresponding orientifold action, Ω ′ , will be specified more precisely below.
(2) A pair (on the base space) of D6-branes branes parallel to the O6-plane.
(3) A Z Z 2 orbifold action on the coordinates x 3,4,5,6 (denoted by R).
In all cases we will take the orientifold plane to be the O6 − plane which has D6-brane charge 2 −2. This implies that we can take [8] γ
where there are N physical D2-branes.
We now have the freedom to choose [9] the sign η in the equation
This choice is correlated with the action of Ω ′ on the twisted sector states of R. The twisted sector states are a RR vector field A and an NSNS scalar φ 0 . For η = −1 1 + Ω ′ projects (at the intersection of the orientifold and orbifold) onto A (1) and φ i , and for η = 1 it projects onto A (2) and φ 0 .
The orbifold with η = −1 is T-dual to the Gimon-Polchinski model. A convenient choice for the projection matrices is:
This gives rise to the (A, B) model on the D2 worldvolume.
For η = 1, a convenient choice of matrices is:
This gives rise to the (B, B) model on the D2 worldvolume. γ R,2 has to be traceless in order to cancel an unphysical twisted tadpole.
Before the R projection, the choice (3.1) determines the Lie algebra of the gauge symmetry on the D6-branes to be so(4). Choosing γ R,6 is equivalent to specifying a monodromy of a flat connection on IR 4 /Z Z 2 with the origin removed. It is easy to see that in the (A, B) model the gauge bundle does not admit a vector structure [10] (see also [11] ), while in the (B, B) model it admits a vector structure but no spinor structure. This suggests that the bundle is actually an SO(3) × SO(3) bundle.
M-theory interpretation

Both the (A, B) and (B, B) models lift to N M2-branes probing M-theory on IR
This background has two points that are fixed by the entire orbifold group:
one at x 3..9 = 0, σ = 0 and another at x 3..9 = 0, σ = π. As before, we will denote these points by p + and p − . The overall picture is that of two parallel 7-planes of A 1 singularities which are intersected by an orthogonal 7-plane of A 1 singularities. If the monodromy is conjugate to U , the parallel transport for spinors of SO(3) cannot be defined: this is an SO(3) connection without spinor structure.
An alternative way of thinking about the stuck instanton is to blow-up the singularity slightly, making IR 4 /Z Z 2 into a Eguchi-Hanson space M EH . Then the instanton becomes a bona fide self-dual connection on M EH . In the case of trivial monodromy it is a trivial connection. In the case of nontrivial monodromy it is a connection with a nontrivial second Stiefel-Whitney class. Such a connection can be constructed by embedding a particular
. Its topological charge is 1/8 of the charge of a "free" SO(3) instanton.
M-theory on IR
As explained above, the local geometry near either p + or p − is that of two orthogonal
We will label the coordinates of the first
. and of the second one by y µ,ν,.. . It follows that we have two SO (3) bundles, one living at x = 0 and another one at y = 0. Naively the bundles appear independent, but we as we will now see this is not the case.
From the previous subsection we know that after a slight blow-up a nontrivial SO (3) bundle is characterized by a self-dual field strength F in some U (1) subgroup of SO(3).
This U (1) subgroup can be chosen so that the U (1) gauge field A(y) corresponds to a C-field of the form C(x, y) ∼ A(y) ∧ w(x), where w(x) is the self-dual 2-form on M EH representing an integer cohomology class. Thus a non-trivial F corresponds to turning on a field strength G = dC of the form 6) i.e. to a flux of G through the 4-cycle dual to w(x) ∧ w(y). The constant of proportionality in (3.6) has been fixed by requiring that G/(2π) represent an integer cohomology class.
Note that this condition is symmetric under the interchange of the two IR 4 /Z Z 2 's. This implies that if we have a nontrivial SO(3) monodromy on one IR 4 /Z Z 2 , then there is also a similar nontrivial monodromy on the other one. Therefore there are only two types of
We will call the one with trivial monodromies an A-singularity, and the one with both monodromies equal to U a B-singularity.
For future use, let us compute the membrane charge of both types of IR
orbifolds. For the A-singularity the charge comes from a C ∧ X 8 (R) interaction in d = 11 supergravity, while for the B-singularity there is also a contribution from the Chern-Simons term C ∧ G ∧ G. The gravitational contribution to the charge is simply −χ/24, where χ is the integral of the Euler density. To compute χ we consider a compactified orbifold
The compactified orbifold can be blown up to K3×K3, so its Euler number is 24 2 . It follows that the integral of the Euler density for IR 4 /Z Z 2 × IR 4 /Z Z 2 is 9/4, and the gravitational contribution to the membrane charge is −3/32. When the G field of the form (3.6) is switched on, there is an additional contribution to the charge 1 2
this contribution is equal to 1/8. Thus the membrane charges of A and B-singularities are −3/32 and 1/32, respectively.
SO(3) bundles on (IR
Thus we need to understand self-dual SO(3) bundles on this space.
When the orbifold singularities in this space are removed, the question reduces to the analysis of flat SO(3) bundles. These are classified by homomorphisms from the fundamental group to SO(3) modulo conjugation.
The computation of the fundamental group is illustrated in Figure 1 . In this figure z = x 1 + ix 2 and w = e (1)
where
Note that the third class is a one-parameter family indexed by φ ∈ [0, π].
M-theory on (IR
Putting all of this together, we come to the following classification of (IR Classically, the full gauge symmetry is restored when the D2-branes sit on top of the orientifold plane, irrespective of the VEVs of the dual photons. Therefore the IR equivalence of (A, B) and (B, B) models in the vicinity of orbifold singularities is a quantummechanical phenomenon.
There exists yet another N = 4 gauge theory which flows to the fixed point with a conserved u(1) and therefore is IR dual to both (A, B) and (B, B) models. It is a U (N ) × U (N ) theory with a four hypermultiplets in the representations (N, N), (N, N), (1, N) , and (N, 1). This theory arises on D2-branes probing two D6-branes wrapped on IR 4 /Z Z 2 .
If Z Z 2 acts on D2 Chan-Paton labels by It is easy to see that the theory on the probes has the gauge group and matter content described above. This IIA background lifts to M T N2 × IR 4 /Z Z 2 in M-theory, where M T N2
is a two-center Taub-NUT space with coincident centers. M T N2 is topologically equivalent to IR 4 /Z Z 2 , therefore we are dealing with an IR 4 /Z Z 2 × IR 4 /Z Z 2 orbifold of M-theory. Furthermore, from (3.9) we see that the Z Z 2 monodromy of the D6 bundle breaks the D6 gauge group from U (2) down to U (1)×U (1) . From the M-theory point of view, the diagonal U (1)
comes from the untwisted sector, while the difference of the two U (1)'s comes from the twisted sector. Recall now that for A and B singularities the twisted sector gauge group is SO(3) and U (1), respectively. We conclude that the IIA orbifold with Chan-Paton matrices as in (3.8),(3.9) lifts to a singularity of type B. It follows that at the origin of the moduli space the probe theory is IR dual to both (B, B) and (A, B) models.
